We solve a long-standing open problem with its own long history dating back to the celebrated works of Klein and Ramanujan. This problem concerns the invariant decomposition formulas of the Hauptmodul for Γ 0 (p) under the action of finite simple groups P SL(2, p) with p = 5, 7, 13. The cases of p = 5 and 7 were solved by Klein and Ramanujan. Little was known about this problem for p = 13. Using our invariant theory for P SL(2, 13), we solve this problem. This leads to a new expression of the classical elliptic modular function of Klein: j-function in terms of theta constants associated with Γ(13). Moreover, we find an exotic modular equation, i.e., it has the same form as Ramanujan's modular equation of degree 13, but with different kinds of modular parametrizations, which gives the geometry of the classical modular curve X(13).
Introduction
In many applications of elliptic modular functions to number theory the Dedekind eta function plays a central role. It is defined in the upper-half plane H = {z ∈ C : Im(z) > 0} by η(z) := q (1 − q n ), q = e 2πiz .
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The Dedekind eta function is closely related to the partition function. A partition of a positive integer n is any non-increasing sequence of positive integers whose sum is n. Let p(n) denote the number of partitions of n. The partition function p(n) has the well-known generating function η (z) .
In his ground-breaking works [R1] , [R2] and [R3] , Ramanujan found the following famous Ramanujan partition congruences: p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11).
Ramanujan's proofs of the congruences modulo 5 and 7 are quite ingenious but are not terribly difficult: while the proof of the congruence modulo 11 is much harder. One of the significance about Ramanujan partition congruences comes from the problem of classifying congruences of the form p(ln + b) ≡ 0 (mod l), where l is a prime. It was proved in [AB] that there are only those three originally observed by Ramanujan, when (l, b) = (5, 4), (7, 5), or (11, 6) . In order to provide a combinatorial explanation of these congruences, Dyson in [D] defined the rank of a partition to be its largest part minus the number of its parts. He conjectured that the partitions of 5n + 4 (resp. 7n + 5) are divided into 5 (resp. 7) groups of equal size when sorted by their ranks modulo 5 (resp. 7), thereby providing a combinatorial explanation for the congruences mod 5 and 7. This conjecture was proved by Atkin and Swinnerton-Dyer (see [ASD] ). However, for the third congruence, the corresponding criterion failed, and so Dyson conjectured the existence of a statistic, which he called the crank to combinatorially explain the congruence p(11n+6) ≡ 0 (mod 11). The crank of a partition was found by Andrews and Garvan (see [AG] ). The crank divides the partition into equinumerous congruence classes modulo 5, 7 and 11 for the three congruences, respectively. Further work of Garvan, Kim and Stanton (see [GKS] ) produces, for the congruences with moduli 5, 7, 11 and 25, combinatorial interpretations which are rooted in the modular representation theory of the symmetric group. In fact, in his lost notebook [R] , Ramanujan had recorded the generating functions for both the rank and the crank. Moreover, he actually recorded an observation that is equivalent to Dyson's assertion about the congruences for the ranks of the partitions of 5n + 4 (see [G1] and [BCCL] ). Recently, Bringmann and Ono (see [BrO] ) showed that the rank generating functions are related to harmonic weak Maass forms. Using Shimura's theory of half-integer weight modular forms and Serre's theory of p-adic modular forms, they obtained as an application infinite families of congruences for the rank. These generalize previous work of Ono (see [O] ) on the partition function. In [Ma] , Mahlburg developed an analogous theory of congruences for crank generating functions, which are shown to possess the same sort of arithmetic properties.
In [Z] Zuckerman found an identity in the spirit of (1.1) (see also [R] and [BO] ): (1.2) Rademacher (see [Ra] ) pointed out that (1.1) can be rewritten as (1.4) Let X = X 0 (p) be the compactification of H/Γ 0 (p) where p is prime. The complex function field of X consists of the modular functions f (z) for Γ 0 (p) which are meromorphic on the extended upper half-plane. A function f lies in the rational function field Q(X) if and only if the Fourier coefficients in its expansion at ∞: f (z) = a n q n are all rational numbers. The field Q(X) is known to be generated over Q by the classical j-functions When p − 1 divides 12, so m = p − 1, the function t is a Hauptmodul for the curve X which has genus zero (see [Gr] ). It is well-known that the genus of the modular curve X for prime p is zero if and only if p = 2, 3, 5, 7, 13. In his paper [K1] , Klein studied the modular equations of orders 2, 3, 5, 7, 13 with degrees 3, 4, 6, 8, 14, respectively. They are the so-called Hauptmoduln (principal moduli) which means that there is a uniformising function J Γ that is a modular function for some congruence subgroup Γ, and all other modular functions for Γ can be written as a rational function in it. Hence, (1.3) and (1.4) are intimately related to the Hauptmoduln for modular curves X 0 (5), X 0 (7) and X 0 (13). The modular curves X 0 (5) and X 0 (7) were studied by Klein in his pioneering work (see [K] , [K1] , [K2] , [KF1] and [KF2] ) and by Ramanujan (see [R5] , [R6] and [R] ). It is well-known that the celebrated Rogers-Ramanujan identities
are intimately associated with the Rogers-Ramanujan continued fraction
G(q) . In [R4] , Ramanujan found an algebraic relation between G(q) and H(q):
which is equivalent to one of the most important formulas for R(q) (see also [AB1] ):
In his celebrated work on elliptic modular functions (see [KF1] , p.640, [KF2] , p.73 and [Du] ), Klein showed that R(q) = a(z) b (z) where
Hence, (1.5) is equivalent to the following formula
2 ) is an invariant of degree 12 associated to the icosahedron, i.e., it is invariant under the action of the simple group P SL(2, 5), and z 2 1 z 2 2 is invariant under the action of the image of a Borel subgroup of P SL(2, 5) (i.e. a maximal subgroup of order 10 of P SL(2, 5)) (see [K] for more details). We call (1.6) the invariant decomposition formula for the icosahedron.
In his work on elliptic modular functions (see [KF1] , p.746), Klein also obtained the invariant decomposition formula for the simple group P SL(2, 7) of order 168: 1 (0, 7z), and Φ 6 (x, y, z) = xy
is an invariant of degree 6 associated to P SL(2, 7), and xyz is invariant under the action of the image of a Borel subgroup of P SL(2, 7) (i.e. a maximal subgroup of order 21 of P SL(2, 7)) (see [K2] for more details). Independently, Ramanujan also gave the same formula (see [R6] , p.300, [B2] , p.174, [El] and [La] for more details).
The invariant decomposition formula for the simple group P SL(2, 13) of order 1092 is much harder and the modular curve X 0 (13) is much more complicated. In his monograph (see [KF2] , p.73), Klein showed that (η(z)/η(13z)) 2 is a Hauptmodul for Γ 0 (13). Ramanujan also studied this problem (see [R5] , p.326, [R6] , p.244 and [B1] , p.372). However, neither of them could obtain the invariant decomposition formula in the spirit of (1.6) and (1.7) (see the end of section 4 for more details).
In the present paper, we establish the invariant theory for P SL(2, 13). Combining with theta constants for Γ(13), we obtain the invariant decomposition formula for P SL(2, 13). Let are the senary cubic forms (cubic forms in six variables).
Theorem 1.1. (Main Theorem 1). The invariant decomposition formula for the simple group P SL(2, 13) of order 1092 is given as follows: 12) where Φ 12 (z 1 , z 2 , z 3 , z 4 , z 5 , z 6 ) is an invariant of degree 12 associated to P SL(2, 13), and (z 1 z 2 z 3 z 4 z 5 z 6 ) 2 is invariant under the action of the image of a Borel subgroup of P SL(2, 13) (i.e. a maximal subgroup of order 78 of P SL(2, 13)).
One of the significance of the invariant decomposition formulas (1.6), (1.7) and (1.12) comes from that the Hauptmodul f (z) = (η(z)/η(pz)) 24/(p−1) is a modular unit in the rational function field of X 0 (p) for p = 5, 7, 13. Its divisor is given by div(f ) = {(0) − (∞)}. Hence, (1.6), (1.7) and (1.12) give some decomposition formulas of the modular units which play an important role both in the function field theory and applications to number theory (see [KL] for more details).
The other significance of the invariant decomposition formulas (1.6), (1.7) and (1.12) comes from the following fact: let H be a maximal subgroup of P SL(2, p) for p = 5, 7 and 13 with order 10, 21 and 78, respectively. Then 2, p) : H] = p + 1 for p = 5, 7 and 13, where Γ = P SL(2, Z).
Perhaps the most significance of the invariant decomposition formulas (1.6), (1.7) and (1.12) is the relation with the Monster simple group M and monstrous moonshine. In fact, elements of type 5B, 7B, 13B in the Monster correspond to elements in the conjugacy classes 5A, 7A, 13A of the Conway group Co 1 with cycle shapes 5 6 1 −6 , 7 4 1 −4 , 13 2 1 −2 . The modular groups corresponding to these elements of the Monster are Γ 0 (5), Γ 0 (7) and Γ 0 (13) (see [Bor] , [CN] and [CC] ). Moreover, the Hauptmoduln (η(z)/η(5z)) 6 , (η(z)/η(7z)) 4 and (η(z)/η(13z)) 2 correspond exactly to the cycle shapes 5 6 1 −6 , 7 4 1 −4 , 13 2 1 −2 , respectively (see Appendix for more details). In [K1] , Klein obtained the modular equation of degree 14 for Γ 0 (13) (see [CY] , p.267 for the modular relation for Γ 0 (13)). Combining with Theorem 1.1, we give a new expression of the classical j-function in terms of theta constants associated with Γ(13 where the Hauptmodul
Note that in the right hand-side of modular equations (1.13) and (1.14), we have the following factorizations over Q( 
In [De1], Deligne gave a modular interpretation of why such factorizations exist. More generally, in [De2] , Deligne showed that for p = 3, 5, 7, 13, the corresponding modular equations of degree 4, 6, 8, 14 have two relatively prime conjugate factors over some real quadratic fields. All of these factorizations have nice geometric interpretations. This is the other significance of the invariant decomposition formulas (1.6), (1.7) and (1.12) since they give the expressions of the Hauptmodul τ = (η(z)/η(pz)) 24/(p−1) for p = 5, 7, 13.
In his notebooks (see [R5] , p.326 and [R6] , p.244), Ramanujan (see also [Ev] or [B1] , p.373-375) obtained the following modular equation of degree 13:
where
Here, m is a positive integer, p = 13, q = e 2πiz , and Ramanujan's general theta function f (a, b) is given by
We call (1.16) the standard modular equation of degree 13. In contrast with it, we find the following invariant decomposition formula (exotic modular equation) which has the same form as (1.16), but with different kinds of modular parametrizations. Let us define the following senary quadratic forms (quadratic forms in six variables): 
where the quadric
is an invariant associated to P SL(2, 13) and A 2 0 is invariant under the action of the image of a Borel subgroup of P SL(2, 13) (i.e. a maximal subgroup of order 78 of P SL(2, 13)).
Note that (1.19) has the same form as (1.16). However, in contrast with (1.17), it can be proved that (see section 3, (3.22))
Moreover, the invariant quadric (1.20) is closely related to the exceptional Lie group G 2 (see [Y] for more details).
In [K] , Klein investigated the modular equation of degree six in connection with the Jacobian equation of degree six, which can be used to solve the general quintic equation. In [K2] and [K3] , he studied the modular equation of degree eight in connection with the Jacobian equation of degree eight, which can be used to solve the algebraic equation of degree eight with Galois group P SL(2, 7). However, he did not investigate the last case, the modular equation of degree fourteen. In this paper, we find the Jacobian equation of degree fourteen, which corresponds to the modular equation of degree fourteen. Surprisingly, we find the other exotic modular equation of degree fourteen, which does not correspond to the Jacobian equation. It plays an central role in the proof of Theorem 1.1. As an application, we obtain the following quartic four-fold Φ 4 (z 1 , z 2 , z 3 , z 4 , z 5 , z 6 ) = 0, where
3 )+3(z 1 z 2 z 4 z 5 +z 2 z 3 z 5 z 6 +z 3 z 1 z 6 z 4 ), (1.22) which is just the quadric (1.20) up to a constant. It is a higher-dimensional counterpart of the Klein quartic curve (see [K2] ) and the Klein cubic threefold (see [K4] ). Its significance comes from that it gives the geometry of the classical modular curve X(13) of genus 50:
. This paper consists of four sections. In section two, we give a six-dimensional representation of P SL(2, 13) defined over Q(e 2πi 13 ) and the transformation formulas for theta constants associated with Γ(13). In section three, we give a seven-dimensional representation of P SL(2, 13) which is deduced from our six-dimensional representation. As an application, we obtain the exotic modular equation of degree 13 and give the geometry of the modular curve X(13). Thus, we give the proof of Theorem 1.3. In section four, we give a fourteen-dimensional representation of P SL(2, 13) which is also deduced from our six-dimensional representation. By this representation, we find the exotic modular equation of degree fourteen. Using it, we give the proof of Theorem 1.1.
Acknowedgements: I thank Pierre Deligne for his comments on an earlier version of this paper.
2. Six-dimensional representations of P SL(2, 13) and transformation formulas for theta constants
Let us recall the Weil representation of SL 2 (F p ) (see [W] ) which is modelled on the space L 2 (F p ) of all complex valued functions on F p where p is a prime. Denote by L 2 (F p ) the p-dimensional complex vector space of all (square-integrable) complex valued functions on F p with respect to counting measure, that is, all functions from F p to the complex numbers. We can decompose L 2 (F p ) as the direct sum of the space V + of even functions and the space V − of odd functions. The space V − has dimension (p − 1)/2 and its associated projective space P(V − ) has dimension (p − 3)/2. In particular, for p = 13, the Weil representation for SL(2, 13) is given as follows:
which can be decomposed as two quadratic equations
over the real quadratic field Q( √ 13). Therefore, the four roots are given as follows:
Note that
Re(θ 1 ) = cos 2π 13 + cos 6π 13 − cos 5π 13 > 0, Im(θ 1 ) = sin 2π 13 + sin 6π 13 − sin 5π 13 > 0.
We have
Similarly,
Moreover, we find that 
which is a fundamental unit of Q( √ 13). Let
Proof. We have
(2.7) On the other hand,
We will calculate (ST ) 2 = 1 13
(a ij ). Without loss of generality, we will compute a 1i , i = 1, 2, 3, 4, 5, 6. Here,
By the identity
Hence, a 11 = −(ζ 5 − ζ 7 ) √ 13. Similarly,
The other terms can be calculated in the same way. In conclusion, we find that (ST ) 2 = (ST ) −1 , i.e., (ST ) 3 = 1. Hence, we have
Let u = ST and v = S. Then uv = ST S. Hence,
According to [S] , put (2, 3, n; p) := u, v :
Let P = (uv) −1 and Q = (uv) 2 u. Then u = P 2 Q and v = P 3 Q. In [S] , Sinkov proved the following:
Theorem 2.2. (see [S] A : (2, 3, 7; 6), B : (2, 3, 7; 7),
In our case, P = ST −1 S and Q = ST 3 . We have
, and (Q 3 P 4 ) 3 = −I. Note that in the projective coordinates, this means that (Q 3 P 4 ) 3 = 1. Hence, we prove that the elements u and v above satisfy the following relations: (2, 3, 13) and (Q 3 P 4 ) 3 = 1, which is a presentation for the simple group P SL(2, 13) of order 1092 by Theorem 3.2. Since the group is simple and the generating matrices are non-trivial, we must have G = u, v ∼ = P SL(2, 13). Hence, P, Q = S, T = G. This completes the proof of Theorem 2.1.
Recall that the theta functions with characteristic ǫ ǫ ′ ∈ R 2 is defined by the following series which converges uniformly and absolutely on compact subsets of C × H (see [FK] , p. 73):
The modified theta constants is defined by (see [FK] , p. 215)
where the characteristic
We have the following: Theorem 2.3. (see [FK] , p. 236). For each odd integer k ≥ 5, the map
2 . In our case, k = 13, the map
gives a holomorphic mapping from the modular curve X(13) = H/Γ(13) into CP 5 , which corresponds to our six-dimensional representation, i.e., up to the constants, z 1 , · · · , z 6 are just modular forms ϕ 0 (τ ), · · · , ϕ 5 (τ ). (1 − aq k ) for a ∈ C × and |q| < 1 so that η(z) = q 1/24 (q; q). By the Jacobi triple product identity, we have
where k is odd and l = 1, 3, 5, · · · , k − 2. Hence, 
and
In his notebooks (see [R5] 
q 6/13 f (−q 3 , −q 10 ) ,
f (−q 6 , −q 7 ) .
15)
where µ 1 µ 2 µ 3 µ 4 µ 5 µ 6 = 1. Let
where m is a positive integer, p = 13 and q = e 2πiz . Then the above three formulas (2.13), (2.14) and (2.15) are equivalent to the following (see [Ev] or [B1] , p.373-375)
17) 18) where
Moreover, there is the following formula (see [Ev] or [B1] , p.375-376): for t = q 1/13 , 19) which is equivalent to, for p = 13, G −1
satisfies that F (u + 1; z) = −F (u; z) and F (−u; z) = −F (u; z). We have
, where
Note that
(1 − q
where (x) ∞ = ∞ m=0 (1 − xq m ) and t = q 1 13 . Thus,
Similarly, This implies that,
Similarly, the other three formulas (2.17), (2.18) and (2.19) are equivalent to the following:
T . The significance of our six dimensional representation of P SL(2, 13) comes from the following:
Proposition 2.5. If z ∈ H, then the following relations hold:
24)
Proof. Recall that the following transformation formulas for theta constants (see [FK] , p.216-217):
where k is odd and l = 0, 1, · · · , This implies that
For l = 3, 2, 1, 4, 0, we can prove the similar formulas. This gives that A −
√ zSA (z) . This completes the proof of Proposition 2.5.
3. Seven-dimensional representations of P SL(2, 13), exotic modular equation and geometry of modular curve X(13)
We will construct a seven-dimensional representation of P SL(2, 13) which is deduced from our six-dimensional representation. Let us study the action of ST ν on the five dimensional projective space P 5 = {(z 1 , z 2 , z 3 , z 4 , z 5 , z 6 )}, where ν = 0, 1, · · · , 12. Put
We find that
Note that α + β + γ = √ 13, we find that
for ν = 0, 1, · · · , 12. Then
3) This leads us to define the following senary quadratic forms (quadratic forms in six variables):
(3.6)
(3.8)
We obtain a seven-dimensional representation of the simple group P SL(2, 13) ∼ = S, T which is deduced from the actions of S and T on the basis (A 0 , A 1 , A 2 , A 3 , A 4 , A 5 , A 6 ). Here (3.9) and
Now, let us reproduce from [CC] some of the character table of G. 
where the Hauptmodul τ = (η(z)/η(13z)) 2 . Note that
In [De1] and [De2] , Deligne gave a modular interpretation of why such factorizations exist. Let us confine our thought to an especially important result which Jacobi had established as early as 1829 in his "Notices sur les fonctions elliptiques" (see [K] ). Jacobi there considered, instead of the modular equation, the so-called multiplier-equation, together with other equations equivalent to it, and found that their (n + 1) roots are composed in a simple manner of n+1 2 elements, with the help of merely numerical irrationalities. Namely, if we denote these elements by A 0 , A 1 , · · · , A n−1 2 , and further, for the roots z of the equation under consideration, apply the indices employed by Galois, we have, with appropriate determination of the square root occurring on the left-hand side:
n . Jacobi had himself emphasized the special significance of his result by adding to his short communication: "C'est un théorème des plus importants dans la théorie algébrique de la transformation et de la division des fonctions elliptiques." Now, we give the Jacobian equation of degree fourteen which corresponds to the above modular equation of degree fourteen.
Let H := Q 5 P 2 · P 2 Q 6 P 8 · Q 5 P 2 · P 3 Q where
(3.11)
Note that and H 6 = −I. In the projective coordinates, this means that H 6 = 1. We have
Thus, H, T ∼ = Z 13 ⋊ Z 6 . Hence, it is a maximal subgroup of order 78 of G with index 14 (see [CC] ). We find that ϕ 2 ∞ is invariant under the action of the maximal subgroup H, T . Note that
form an algebraic equation of degree fourteen, which is just the Jacobian equation of degree fourteen, whose roots are these w ν and w ∞ :
In particular, the coefficients
Hence, the variety Ψ 2 = 0 is a quartic four-fold, which is invariant under the action of the simple group G.
Recall that the principal congruence subgroup of level 13 is the normal subgroup Γ(13) of Γ = P SL(2, Z) defined by the exact sequence
where f (γ) ≡ γ (mod 13) for γ ∈ Γ = Γ(1). Then there is a representation ρ : Γ → P GL(6, C) (3.16) with kernel Γ(13) and leaving Φ 4 invariant. It is defined as follows: if t = 1 1 0 1 and
To see that such a representation exists, note that Γ is defined by the presentation
satisfied by s and t and we have proved that S and T satisfy these relations. Moreover, we have proved that G is defined by the presentation
Let p = st −1 s and q = st 3 . Then 4, 428, 249 −10, 547, 030 −11, 594, 791 27, 616, 019 (3.18) satisfies that ρ(h) = H. Theorem 3.1. The invariant quartic four-fold Φ 4 (z 1 , z 2 , z 3 , z 4 , z 5 , z 6 ) = 0 can be parametrized by the theta constants associated with Γ(13) :
It is well-known that η(z) satisfies the following transformation formulas η(z + 1) = e πi 12 η(z), and η − 1
By Proposition 2.5, we have
where v(γ) = ±1 or ±i. Since Γ(13) = ker ρ, we have
This means that the functions y 1 (z), y 2 (z), y 3 (z), y 4 (z), y 5 (z), y 6 (z) are modular forms of weight two for Γ(13) with the same multiplier v(γ) = ±1 or ±i. Thus,
Moreover, for γ ∈ Γ(1),
Note that ρ(γ) ∈ ρ(s), ρ(t) = G and Φ 4 is a G-invariant polynomial, we have
This implies that Φ 4 (Y (z) ) is a modular form of weight eight for the full modular group Γ(1). Moreover, we will show that it is a cusp form. We have
Hence,
a n q n , where a n ∈ Z.
On the other hand, η(z)
is a cusp form of weight 8 for the full modular group Γ = P SL(2, Z), but the only such form is zero. (See [Se] , Chapter VII for the complete description of cusp forms on Γ (1)). This completes the proof of Theorem 3.1. (3.20) where the quadric
Corollary 3.2. The following invariant decomposition formula (exotic modular equation) holds:
Proof. This comes from Theorem 3.1 by noting that (3.13). Thus, we complete the proof of Theorem 1.3. Now, we will prove that
Thus,
On the other hand,
This gives the proof of (3.22).
In fact, Theorem 3.1 also gives the geometry of the classical modular curve X(13):
Proof. This comes from Theorem 2.3 and Theorem 3.1.
Fourteen-dimensional representations of P SL(2, 13) and invariant decomposition formula
It is known that the principal congruence subgroup Γ(13) is a normal subgroup of Γ 0 (13), and Γ 0 (13) is generated by Γ(13) and the group generated by H and T . The quotient group Γ 0 (13)/Γ(13) is of order 78 and is isomorphic to the subgroup H, T . The natural projection defines a Galois covering X(13) → X 0 (13) with Galois group H, T . Recall that (η(z)/η(13z)) 2 is the Hauptmodul of X 0 (13), that is, the unique (up to multiplication by a constant) univalent modular function for Γ 0 (13) holomorphic on H with a simple pole at z = i∞ and a simple zero at z = 0.
We will construct a fourteen-dimensional representation of P SL(2, 13) which is deduced from our six-dimensional representation. It should be emphasized that our fourteen-dimensional representation is not Weil representation. In contrast with this fact, both our six-dimensional and seven-dimensional representations of G are Weil representations, i.e., p−1 2 -dimensional and p+1 2 -dimensional representations of P SL(2, p), respectively. In fact, what Klein used in his papers [K] , [K1] , [K2] , [K3] and [K4] are all Weil representations. Hence, our method is completely different from Klein's method.
To construct our fourteen-dimensional representation which is generated under the action of P SL by a specific vector in Sym 3 (six-dimensional representation), we begin with a cubic polynomial z 1 z 2 z 3 and study the action of ST ν (ν mod 13) on it. We have
This leads us to define the following senary cubic forms (cubic forms in six variables):
and r 1 = −13 − 2 √ 13, r 2 = −13 + 3 √ 13 2 , r 3 = −13 + 2 √ 13, r 4 = −13 − 3 √ 13 2 . Hence, we get the element S which is induced from the action of S on the basis (D 0 , · · · , D ∞ ): Theorem 4.1. The invariant decomposition formula for the simple group P SL(2, 13) of order 1092 is given as follows:
η 2 (13z) 5 = Φ 12 (a 1 (z), a 2 (z), a 3 (z), a 4 (z), a 5 (z), a 6 (z)) (a 1 (z)a 2 (z)a 3 (z)a 4 (z)a 5 (z)a 6 (z)) 2 , (4.16)
where Φ 12 (z 1 , z 2 , z 3 , z 4 , z 5 , z 6 ) is an invariant of degree 12 associated to P SL(2, 13), and (z 1 z 2 z 3 z 4 z 5 z 6 ) 2 is invariant under the action of the image of a Borel subgroup of P SL(2, 13) (i.e. a maximal subgroup of order 78 of P SL(2, 13)). Hence, X(γ(z)) = u(γ)j(γ, z)ρ(γ)X(z) for γ ∈ Γ(1), where u(γ) = 1, ω or ω 2 with ω = e 2πi 3 . Since Γ(13) = ker ρ, we have X(γ(z)) = u(γ)j(γ, z)X(z) for γ ∈ Γ(13).
This means that the functions x 1 (z), x 2 (z), x 3 (z), x 4 (z), x 5 (z), x 6 (z) are modular forms of weight one for Γ(13) with the same multiplier u(γ) = 1, ω or ω 2 . Thus,
In the end, let us recall some basic fact about the Monster finite simple group M (see [CN] )and its relation with its type 5B, 7B and 13B elements. For each prime p with (p − 1)|24 there is a conjugacy class of elements of M, with centraliser of form p 1+2d .G p , where p.G p is the centraliser of a corresponding automorphism of the Leech Lattice. The symbol p 1+2d denotes an extraspecial p-group, and 2d = 24/(p − 1). Some maximal p-local subgroups of M are given as follows (see [CC] 
